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Part A (Short Answer Questions)
Answer any eight questions.
Weight 1 each.

1. If Cis the field of complex numbers, which vectors in C* are linear combinations of (1,0,-1), (0,1,1) and
(1,1,1)?

Let S be a linearly independent subset of a vector space V. Suppose / is a vector in V which is not in the
subspace spanned by S. Then show that the set S U |5} is linearly independent.

3. Check whether the operator Ton F” " defined by T(4) = PAQ is linear, where P € F"'™" and Q € F"™"
are fixed matrices over the field F.

4. Prove that the null space of any nonzero linear functional on a finite dimensional vector space ¥ is a hyper
space of V.

5. LetA be an n x n matrix with real entries. If 4 = 0 prove that rrace(474) = 0.

6. Show that a linear combination of n-linear functions is n-linear.
7 IfAlis an invertible n x n matrix over a field, show that det A # 0.

1 2
Let K be the ring of rational numbers and let A=[3 4] . Is A invertible as a matrix over K? If so, find the

inverse.

9. Find the characteristic values, if any, of the linear operator 7 on R? which is represented in the standard

k]
ordered basis by the matrix 4 = [l l ]

10 Define minimal polynomial for a linear operator on a finite dimensional vector space V . What is the minimal
polynomial for the zero operator?
(8x1=8 weightage)

Part B (Short Essay/Problems)

Answer any six questions.
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12.

13.

14.

135

16.

7.

18.

18

Weight 2 each. Il" Eﬁ%ﬁ%ﬁ .

Define subspace spanned by a set of vectors in a vector space V. Show that the subspace spanned by a
non-empty subset S of a vector space V is the set of all linear combinations of vectors in S.

Find the coordinate matrix of the vector (1, 0, 1) in the basis of c consisting of the vectors (2i, 1, 0),
(2,-1,1), (0, 1+, 1-i),inthat order.

Prove that every n-dimensional vector space V over the field F is isomorphic to the space F".

If V is a finite dimensional vector space and T is a linear operator on V prove that T is invertible if and only
if 7] is invertible, where B is any ordered basis for V.

If S is any subset of a finite dimensional vector space V and W is the subspace of V spanned by S then
prove that $% =

If A and B are two n x n matrices over K, then show that det (AB) = (det A) (det B).

Let T be a linear operator on R® which is represented in the standard ordered basis by the matrix

- =hL =k
4=1|-1 4 2 |.Pprovethat Tis diagonalizable by exhibiting a basis for R, each vector of which
Bl =g

is a characteristic vector of T

IfE\ Es, - E, arek linear operators on V' which satisfy the conditions

i. Each E; is a projection
il. EE;=0ifi#]
Wi, I=E;++E
and let W; be the range of E; then prove that V=W,@ @B W,
(6x2=12 weightage)

Part C (Essay Type Questions)

Answer any two questions.

Weight § each.
o Sl S WE NG =
IS S
Considerthe 5x 5matrix A= |0 0 1 4 0
Ol e | 1% -1
TR

(a) Find an invertible matrix P such that PAis a row-reduced echelon matrix R.

(b) Find a basis for the row space W of A.

(c) Which vectors (b b{a bs by, bs ) are in W?

(d) Find the coordinate matrix of each vector (b4 by b by bs) in W in the ordered basis chosen in (b).
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(e) Write each vector (b4 by bg bg bs) in W as a linear combination of the rows ofﬁﬁﬁg‘;ﬁﬁEII "l

(f) Give an explicit description of the vector space V of all 5 x 1 column matrices X such that AX = 0.
(g) Find a basis for V.

20. Let " and W be finite dimensional vector spaces over the field F such that dim I'=dim W.If T: — Wbe a

linear transformation, prove that the following statements are equivalent:

(i) Tisinvertible.

(i) Tis non-singular.

(iii) 7is onto.

(iv) If{a;,as0aq,..... ,a,} is a basis for V' then {Tu,. Ta,, Tay, . ..., Ta,} is a basis for V.

(v) There is some basis {a,, a5, a5......,a,} for Vsuch that {Ta,, Ta,, Tas, . ..., Ta,} is a basis
for w

21. (a) Let n> 1 and let D be an alternating (n-1)-linear function on (n -1) x (n -1) matrices over K. For each
BI(A) = ) (~1)"*/4,D,,(4)
j» 1 £j€ n, show that the function E; defined by i=1 is an alternating n-linear

function on n x n matrices A. If D is a determinant function, then show that so is each Ej.

2 3

X =1 X X

0 x—2 1 ]
(b) f k= B[¥] andA=1L © 0 .x-3J, find Ej(A) for each j.

22. 1. Let ¥ be a finite dimensional vector space over the field F and let T be a linear operator on V/
. Prove that T is diagonalizable if and only if the minimal polynomial for 7 has the form
p = (x—cx —ey)(x —¢;) wherec,c,, - c; are distinct elements of F.

2. Every matrix A such that A2 = A is similar to a diagonal matrix

(2x5=10 weightage)
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